Abstract. The M LS conjecture states that every finite simple group has a minimal logarithmic signature. The aim of this paper is proving the existence of a minimal logarithmic signature for some simple unitary groups P SU n (q). We report a gap in the proof of the main result of [H. Hong, L. Wang, Y. Yang, Minimal logarithmic signatures for the unitary group U n (q), Des. Codes Cryptogr. 77 (1) (2015) [179][180][181][182][183][184][185][186][187][188][189][190][191] and present a new proof in some special cases of this result. As a consequence, the M LS conjecture is still open.
Introduction
In literature, there are several cryptosystems based on the properties of large abelian groups [30] , but applications of non-abelian groups in constructing cryptosystems was started by publishing some pioneering papers of Magliveras and his co-authors [17, 18, 19, 20, 21] . In [17] , a symmetric key cryptosystem based on logarithmic signatures for finite non-abelian permutation groups was proposed and its algebraic properties were studied in [21] . In [22] , two possible approaches for constructing of new public key cryptosystems using group factorizations were described.
Throughout this paper all groups are assumed to be finite. Suppose G is such a group. A logarithmic signature (LS) for G is an ordered tuple α = [A 1 , . . . , A s ] of subsets A i of G such that any element of G can be uniquely decomposed into a product in the form a 1 a 2 · · · a s , where a i ∈ A i . The concept of logarithmic signature was first defined by Magliveras and the existence of this type of factorizations play an important role in secret cryptosystems such as P GM and public key cryptosystems like MST 1 , MST 2 and MST 3 [14, 18] .
Suppose G is a finite group with a logarithmic signature α(G) = [A 1 , A 2 , · · · , A s ]. The subsets A i , 1 ≤ i ≤ s, in α are called the blocks, and the vector (r 1 , . . . , r s ), r i = |A i |, is the type of α. The logarithmic signature α is said to be nontrivial if s ≥ 2 and r i ≥ 2, for 1 ≤ i ≤ s. The length of α is defined as l(α) = s i=1 |A i |. To apply effectively the logarithmic signature in practical problems, we have to define the logarithmic signature with shortest length. Suppose |G| = p [5] shows that l(α) ≥ k j=1 β j p j and so the logarithmic signature α is said to be minimal if l(α) = k j=1 β j p j . A minimal logarithmic signature will be abbreviated by MLS. It is a well-known conjecture that every finite group has an MLS, which is still not proved in general. In [26, Table 1 ], we presented a complete history of MLS conjecture until now. We encourage the interested reader to consult the mentioned paper and references therein for more information on this conjecture.
Before we can proceed further, we will need some basic definitions. We refer the interested readers to consult [31] for more details. Suppose V is a finite dimensional vector space over the field K = GF (q 2 ), where q is a prime power. A mapping f : V × V −→ K is said to be conjugate-symmetric sesquilinear form if for every u, v, w ∈ V and λ ∈ K,
A result in [7] states that the function f :
is a non-singular conjugate-symmetric sesquilinear form. If f is a conjugate-symmetric sesquilinear form then f (v, v) is called the norm of v ∈ V and we say that the vectors u and v are perpendicular or orthogonal, if f (u, v) = 0. A non-zero vector which is perpendicular to itself is called isotropic.
The set of all isometries of V is denoted by GU n (q). Moreover, the groups SU n (q) = SL n (q 2 ) ∩ GU n (q) and P SU n (q) =
are called the special unitary and projective special unitary groups, respectively. A Singer cycle is an element x in GL n (q) of order q n − 1. If G ≤ GL n (q) then the cyclic subgroup S ∩ G, where S = x is called a Singer cycle subgroup of G. The image of Singer cycle subgroup of a group G ≤ GL n (q) under canonical homomorphism is called a Singer subgroup in projective groups.
Preliminary Results
In this section our basic notions together with some known results are presented which are crucial throughout this paper.
Suppose V is an n−dimensional vector space with projective space P (V ). If W ≤ V then by definition P (W ) is the corresponding subspace in P (V ). Set S = {W i | 1 ≤ i ≤ t}, where W i is an r−dimensional subspaces of V . If for each i, j with i = j we have W i ∩ W j = 0 , then the set S is called an r−partial spread of V . An r−spread is an r−partial spread with this property that V = t i=1 W i . Note that for every r−partial spread or r−spread of V the set S = {P (W ) | W ∈ S} is an r−partial spread or r−spread of P (V ), respectively. Consider the special case of V = GF (q 2n ) as a vector space of dimension 2n on GF (q). We also assume that α is a primitive element of V and
x ∈ V , then it is easy to see that
Hence, the set of all W x, x ∈ V , is an n−spread for V which is called the classical spread of V . This spread is obtained from the set of all cosets of a Singer cycle subgroup of order q n − 1 in V = GF (q 2n ). This proves that the classical spread is
Let the group G act on a set X. The action is called sharply transitive if for each x, y ∈ X there exists a unique element g ∈ G such that y = gx. Suppose A ≤ G, Y ⊆ X and x ∈ Y . We say that A is sharply transitive on Y with respect to x, if for each y ∈ Y there exists a unique a ∈ A such that ax = y.
If V is a vector space and s ∈ V then the map T s : V −→ V is defined as T s (v) = sv. Suppose α is a primitive element of V = GF (q 2n ) and X ∈ GL 2n (q)
is the corresponding matrix of T α . Then C = X is a Singer cycle subgroup. By construction of classical spread S, one can easily prove that the subgroup A = X q n −1 of order q n + 1 is sharply transitive on S with respect to W 0 = GF (q n ).
Moreover, A is sharply transitive on S with respect to P (W 0 ).
Then, the following hold:
(a) and 1(b).
The Witt's lemma [31, Theorem 3.3] states that if (V, f ) and (W, g) are isometric spaces, with f and g nonsingular, and conjugate-symmetric sesquilinear forms then any isometry between subspaces X of V and Y of W can be extended to an isometry of V with W . Suppose P (V ) is the set of all one dimensional subspaces of V . If v is an isotropic vector of V then v is called an isotropic point. By Witt's lemma, the groups SU n (q) and P SU n (q) have transitive actions on isotropic points of P (V ) and by [31, Section 3.6] , the number of isotropic points is
. In the next section, some subgroups of SU n (q) and P SU n (q) for constructing MLS are needed. The construction of these subgroups are based on some results in [1, 11] . It is well-known that the symplectic groups, unitary groups of odd dimension and orthogonal groups of minus type have a Singer cycle subgroup. The order of a Singer cycle subgroup in the general, special and projective special unitary groups GU n (q), SU n (q) and P SU n (q) are equal to q n + 1,
, respectively. Here
Babai et al. [1, Table VI] proved that the group SU n (q), n is odd, has a cyclic subgroup of order q n−1 − 1 with generator
where c is a generator of a Singer cycle subgroup of GLn−1 2 (q 2 ) and c * denotes the image of the transpose of c under automorphism a → a q .
If H G then the canonical homomorphism from G onto G H is denoted by η. The following two results from Singhi and Singhi [27] were crucial in the proof of the main result of [10] . 
Theorem 2.3. Suppose V is a finite dimensional vector space over GF (q), f is a non-singular conjugate-symmetric sesquilinear form. Suppose L is one of the following subsets of P (V ):
• the set of all points of P (V ),
• the set of all isotropic points of P (V ) with respect to the form f .
We also assume that 
Then we say that G has an MLS over H. We write also A subset Y of a group G is called a cyclic set if there exists an element 
Holmes [8] presented six very important conditions for existence an MLS for a finite group. We mention below one of conditions which is important in proving our main result. We refer the interested readers to consult the interesting work of Liebeck et al. [16] and the famous book of Dixon for other useful results related to our techniques [2] .
3. The Proof of [10] The aim of this section is to show that the proof of existence of MLS for the unitary groups P SU n (q), SU n (q), P GU n (q) and GU n (q) given by Hong et al. [10] is not correct. As a consequence of our discussion, the MLS conjecture for unitary groups is still open.
Singhi and Singhi [27] , presented a strong method for construction of an MLS based on parabolic subgroups and partitions obtained from classical spread in P (V ).
The process of proof in [10] is as follows:
(1) Construction of parabolic subgroup and proof of existence an MLS for this subgroup. The structure of parabolic subgroups of unitary groups are considered into account in [23, 31] . (2) Applying the partition of an r−partial spread in the space of P (V ). (3) The proof of existence some special subgroups in unitary group by using some results in [1] .
In continue, we assume that n is odd, q = p s is a prime power and V = GF (q 2n ).
Consider V as a vector space on dimension n on GF (q 2 ). Define the conjugate-
the isometry group of (V, f ) will be isomorphic to GU n (q). Suppose G = SU n (q).
The main proof of [10] is based on Theorem 2.3. We apply this result in the case that G = SU n (q) and L is the set of all isotropic points of the inner product space (V, f ). The authors of [10] used the partial spread
} and claimed that S 3 is classical. To prove this result, they assumed that n = 2m + 1,
Notice that V = GF (q 2n ) is a vector space of dimension 2n on GF (q) and W = W 0 = GF (q n ) is simultaneously its subspace and its unique subfield of order q n . In [10] , it is claimed that W ′ i 's are totally isotropic subspace. In what follows, we will show that this claim is incorrect. is totally isotropic then for odd n, the subgroup A = x (q n −1)(q+1) of order
, the singer cycle subgroup of GL 2n (q), is also a subgroup of SU n (q). Notice that SU n (q) acts transitive on the set of all isotropic points. On the other hand, A is sharply transitive on the spreadS 3 with respect to P (W ′ 0 ) then there must be (q n +1)(q n −1) (q+1)(q 2 −1) isotropic points which contradicts by this fact that P (V ) has exactly (q n +1)(q n−1 −1) q 2 −1 isotropic points.
We now consider the existence problem of subgroups of SU n (q) that applied in [10] for the construction of an MLS. To do this, we assume that . In [10] , it is assume that |A 3 | = q n + 1 which is trivially incorrect. On the other hand, the group SU n (q) has a cyclic subgroup of order q n−1 − 1 with generator b 3 such that
where c is a Singer cycle element of GLn−1
is a subgroup of order q 2 − 1 in B 3 . Since V is a vector space over GF (q 2 ),
is sharply transitive on P (W ′ ) with respect to e 1 . Then the authors assumed that |B
which is incorrect. As we mentioned, the number of isotropic points of P (V )
is equal to
and so A 3 B ′ 3 which has order at most
cannot be sharply transitive on the set of all isotropic points of P (V ).
By [1] , the mentioned tori subgroups are containing Z(G) and the image of these subgroups under canonical homomorphism in the simple group P SU n (q) have orders , where d = (n, q + 1). Therefore, by using the product of the image of A 3 and B ′ 3 under canonical homomorphism cannot construct a set which is sharply transitive on the set of all isotropic points of P (V ).
In this section, it is shown that the proof of Hong et al. [10] in proving the existence of MLS for unitary groups P SU 2n+1 (q) and SU 2n+1 (q) are incorrect. A similar argument shows that the proof of existence MLS for P SU 2n (q) and SU 2n (q) are also incorrect. So, the following question is still open: Question 3.1. Is there an MLS for simple unitary groups?
Existence of MLS for some Unitary Simple Groups
The aim of this section is to prove the existence of MLS in some simple unitary groups. In the following theorem it is proved that if the group SU 2n−1 (q) has an MLS then the projective special linear group P SU 2n (q) has an MLS. As a consequence the problem of existence MLS for the projective special unitary group P SU n (q) will be reduced to the problem of existence for P SU n (q), when n is odd. Theorem 4.1. Suppose q is a prime power and n ≥ 2. If SU 2n−1 (q) has an MLS then P SU 2n (q) has an MLS.
Proof. By [15, Theorem 1.1, Proposition 7.8 and Lemma 7.10],
where d = (q + 1, 2n). Suppose H = q n 2 :
and K = SU 2n−1 (q). Then |H ∩ K||q (m−1) 2 and so it is a p−subgroup of H. Since H is a product of a p−group and a cyclic group, it is solvable. Hence by Theorem 2.4, H has an MLS over H ∩ K and by Theorem 2.6, the group P SU 2n (q) has an MLS if SU 2n−1 (q) has an MLS.
Theorem 4.2. Suppose q = 2 n , n > 1. If q + 1 or q 2 − q + 1 is prime then the projective special unitary group P SU 3 (q) has an MLS.
Proof. Suppose d = (3, q + 1). Then the simple unitary group P SU 3 (q) has order
. Consider an automorphism τ of order 2 in the field G = GF (q 2 ) and 0 = k ∈ GF (q 2 ). Following Fang et al. [3] , we define:
where a, b are elements of GF (q 2 ) such that
Suppose Q(q) is the subgroup generated by all matrices Q(a, b) in which a, b satisfy the Equation 1 and
. By [12, Chapter II, 10.12], Q(q) is a 2−Sylow subgroup of P SU 3 (q) with order q 3 and
. By a result in [6] , each maximal subgroup of P SU 3 (q) is isomorphic to one of the following groups:
is an odd prime greater than 3, (6) P SU 3 (2 m ).Z 3 , where n m = 2 or 3.
We first prove that (q 3 (q − 1), (q + 1) 2 ) = 1 and if q + 1 is prime then
Notice that the first part is a consequence of (q 3 , (q + 1) 2 ) = (q + 1, q − 1) = 1.
To prove the second part, we assume that a = (q 2 − 1, q 2 − q + 1) > 1 and p is a prime factor of a. Clearly, (q − 1, q + 1) = 1 and p|q 2 − 1 = (q − 1)(q + 1). If p|q − 1 then p|q 2 − q + 1 + q − 1 = q 2 and so p = 2, which is impossible. If p|q + 1 then p = q + 1. Since p|q 2 − q + 1 = (q + 1)(q − 2) + 3, q = 2 which is our final contradiction. Therefore, a = 1 and (q 3 (q 2 − 1), q 2 − q + 1) = 1.
Next we assume that d = (3, q + 1) and q + 1 is a prime. Since q ≥ 4, d = 1. From the structure of maximal subgroups of G = P SU 3 (q), one can see that this group has a subgroup H of order q 2 − q + 1. Moreover, G has another subgroup
. By above argument, |F | and |H| are coprime and so for each g ∈ G, H ∩F g = 1. On the other hand, G = q+1 i=1 Hg i F , for some g i ∈ G. Since H and F are solvable, by [4, Proposition 3 .1], they have MLS. Since q + 1 is prime and |P SU 3 (q)| = q 3 (q + 1) 2 (q − 1)(q 2 − q + 1), the subgroups H and F satisfies the conditions of Theorem 2.5 which implies that G has an MLS. Finally, we assume that q 2 − q + 1 is prime. Consider subgroups H and F of
and q 3 (q − 1), respectively. By above argument, orders of H and F are coprime and so for every g ∈ G, H ∩F g = 1. On the other hand, G =
Hg i F , for some g i ∈ G. Again H and F are solvable and so they have MLS. Since |P SU 3 (q)| = q
(q−1)(q 2 −q+1), the subgroups H and F satisfies the conditions of Theorem 2.5 and q 2 − q + 1 is prime then simple unitary group P SU 3 (q) has an MLS. This completes the second part of our main theorem. (2) If q > 5 and q + 1 = 2p, p is prime, then P SU 3 (q) has an MLS.
Proof. Let Ω be the set all isotropic points of P G(2, q) of size q 3 + 1 and consider the permutation representation of P SU 3 (q) on Ω [23] . Then the stabilizer of an isotropic point α in P SU 3 (q) has the form S α = q.q 2 :
, where d = (3, q + 1). Since d|q + 1, S α has a subgroup of order q − 1. On the other hand, the group S α has a normal subgroup of order q 3 and so we can construct a subgroup H of S α of order q 3 (q − 1).
By [24] , P SU 3 (q) has a subgroup isomorphic to
. Since (|H|, |K|) = 1, the subgroups H and K satisfies conditions of Theorem 2.5. The subgroups H and K are solvable and so they have MLS. Therefore, if q 2 −q + 1 is prime then by Theorem 2.5, the projective special unitary group P SU 3 (q) has an MLS.
We now assume that q > 5 and q + 1 = 2p, where p is prime. This shows that p > 3 and d = 1. Again, we consider the permutation representation of P SU 3 (q) on Ω. Let H = S α , the stabilizer of an isotropic point α, and Choose K to be Singer cycle subgroup of order
= q 2 − q + 1. Then H and K satisfies the conditions of Theorem 2.5. Since q + 1 = 2p and by [29] , the group P SU 3 (q) is 2−transitive on Ω. Define A 1 = {x 1 , x 2 }, where x 1 , x 2 ∈ P SU 3 (q), α x 1 = β 1 and α x 2 = β 2 . The subgroup K has q + 1 orbits. Since P SU 3 (q) is 2−transitive, if ∆ 1 and ∆ 2 are a pair of orbits of K, then there exists an element y ∈ P SU 3 (q) such that β y 1 ∈ ∆ 1 and β y 2 ∈ ∆ 2 . Consider orbits of K as p different pairs then set A 2 = {y 1 , . . . , y p } that y i ∈ P SU 3 (q) is corresponding to i-th pair of orbits for 1 ≤ i ≤ p. It is clear that H and K are solvable and so they have MLS. Finally, since the size of A 1 and A 2 are prime, by Theorem 2.5, the unitary group P SU 3 (q) has MLS. Theorem 4.5. Suppose q is an odd prime power. Then,
• If q 2 − q + 1 is prime then P SU 4 (q) has an MLS.
• If q > 5 and q + 1 = 2p, p is prime, then P SU 4 (q) has an MLS.
Proof. The proof follows from Theorems 4.1 and 4.4.
Concluding Remarks
The present authors in [26] applied the results of [10] to prove that all finite simple groups of orders ≤ 10 12 have MLS other than the Ree group Ree (27) , the O'Nan group O ′ N and the untwisted group G 2 (7). There are 12 unitary groups of orders ≤ 10 12 . These are P SU 3 (9), P SU 3 (13), P SU 3 (17), P SU 4 (5), P SU 3 (19), P SU 3 (23), P SU 3 (25), P SU 3 (29), P SU 5 (3), P SU 3 (27) , P SU 3 (32) and P SU 3 (31) . In this paper, it is shown that the proof of the main result of [10] regarding to existence of an MLS for projective special unitary groups is not correct and so the existence of an MLS for these groups have to be checked. In [4, 13] , the existence of an MLS for the unitary simple groups P SU 3 ( 2 2 ) and P SU 3 (2 4 ) were proved. By Theorem 4.2, simple unitary groups P SU 3 (2 8 ), P SU 3 ( 2 16 ) and P SU 3 (2 32 ) have MLS. By [4] , the simple unitary group P SU 3 (5) has MLS. On the other hand, by Theorem 4.1 the unitary group P SU 4 (5) and by Theorem 4.3(2) the simple groups P SU 3 (9), P SU 3 (13) and P SU 3 (25) have MLS. Therefore, the existence of an MLS for eight simple unitary groups of order ≤ 10
12
is not still solved.
